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Abstract. A fundamental notion of decision-theoretic rough sets is the concept of loss func¬ 
tions, which provides a powerful tool of calculating a pair of thresholds for making a decision 
with a minimum cost. In this paper, time-dependent loss functions which are variations of 
the time are of interest because such functions are frequently encountered in practical situ¬ 
ations, we present the relationship between the pair of thresholds and loss functions satisfy¬ 
ing time-dependent uniform distributions and normal processes in light of bayesian decision 
procedure. Subsequently, with the aid of bayesian decision procedure, we provide the rela¬ 
tionship between the pair of thresholds and loss functions which are time-dependent interval 
sets and fuzzy numbers. Finally, we employ several examples to illustrate that how to cal¬ 
culate the thresholds for making a decision by using time-dependent loss functions-based 
decision-theoretic rough sets. 
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1 Introduction 

Rough set theory, proposed by Pawlak GUI in 1982, is a powerful mathematical tool to deal with 
uncertainty, imprecise or incomplete knowledge for information systems. But the condition of the equiv¬ 
alence relation in Pawlak’s model is so strict that limits its applications. To generalize Pawlak’s rough 
sets, researchers have presented various kinds of probabilistic rough sets (PRS) such as decision-theoretic 
rough sets (DTRS) lf8l[9l lT71l2T1425112711 . bayesian rough sets (BRS) 111911261 and game-theoretic rough sets 
(GTRS) mO for solving practical problems. To date, probabilistic rough set models have been success¬ 
fully applied to many fields such as data mining, email spam filtering, investment management and web 
support. 
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Since PRS was proposed, the determination of a pair of thresholds has become a substantial challenge. 
Until now, researchers have presented some reasonable semantic interpretations for the pair of thresholds. 
For example, Cheng et al. Q computed precision parameter values based on inclusion degree with vari¬ 
able precision rough set model. Deng and Yao SO presented an information-theoretic approach to the 
interpreation and determination of thresholds used in PRS and presented DTRS-based three-way approx¬ 
imations of fuzzy sets. Herbert and JT Yao |6j|71 proposed GTRS to determine the values of thresholds 
used in PRS by introducing game theory and investigated its capability of analyzing a major decision 
problem evident in existing PRS. Yao If24l proposed DTRS, which provides a new interpretation in the 
aspect of determining the threshold vlaues by using loss functions, by combining bayesian decision theory 
with PRS. To trade off different types of classification error, three-way decision-theory was proposed by 
Yao for making a decision with the minimum cost on the basis of DTRS, whereas there are three choices 
of acceptance, deferment and rejection. Concretely, rules from the positive region are used for making 
a decision of acceptance, rules from the negative region are applied to make a decision of rejection, and 
rules from the boundary region are used for making a decision of deferment. More specially, the choice 
deferment reduces the loss of making a decision in DTRS. Therefore, DTRS provides a powerful tool for 
making a decision with a minimum cost ternary classifier. 

In DTRS, three choices of acceptance, deferment and rejection are determined by loss functions. In 
recent years, many investigations have been done on loss functions for DTRS in literatures. For example, 
Jia et al. J9JI3I1 conducted the minimum cost attribute reduction in decision-theoretic rough set models 
and presented an optimization representation of decision-theoretic rough set model. Li and Zhou IfTO 
gave two assumptions for the values of losses and proposed a multi-view DTRS decision model. Liu, 
Li and Liang Ifl4l performed three-way government decision analysis with decision-theoretic rough sets. 
Liu, Yao and Li |fl8l proposed a profit-based three-way approach to the investment decision-making and 
utilized the objects to estimate the losses or carry out some questionnaires or behavioral experiments. Liu, 
Li and Ruan Ifl6ll investigated probabilistic model criteria with decision-theoretic rough sets. Yao If24l 
used relative values between losses to express the thresholds and reduced the variable amount of the 
thresholds. Furthermore, Liang et al. IflTi presented triangular fuzzy decision-theoretic rough sets by 
considering bayesian decision procedure, in which loss functions are triangular fuzzy numbers. Liang 
and Liu lfT3l provided systematic studies on three-way decisions with interval-valued decision-theoretic 
rough sets, in which loss functions are interval-valued. Liu, Li and Liang Ifl5l proposed dynamic decision- 
theoretic rough sets, in which loss functions are single-valued variations of time. Up to now DTRS has 
been successfully applied to expert system, medical diagnosis, environmental science, conflict analysis 
and economics. Accordingly, applications are increasingly being adopted with the development of DTRS. 

In practical situations, time-dependent loss functions are of interest because such functions are fre¬ 
quently encountered. For example, if we intend to make omelets for breakfast with six eggs and have 
cracked five eggs into a bowl, then we will crack the sixth egg into the bowl. There are two situations 
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for the sixth egg: bad and good. If we crack a good egg into the bowl, then an omelet with six eggs is 
prepared for breakfast. If we crack a bad egg into the bowl, then five eggs will be lost. If the price of an 
egg is 1 unit now, then the loss is five units. If the price of an egg is 1.2 unit tomorrow, then the loss is 6 
units. Clearly, the loss is the variation of the time since the price of an egg is varying with the time. If the 
bad egg is cracked into another bowl, then the loss is to wash one more bowl, and the expense of washing 
a bowel is also varying with the time. Furthermore, loss functions are not only variations of time but 
also satisfied some distributions such as uniform distributions, normal processes, interval sets and fuzzy 
numbers simultaneously. Therefore, it is urgent to further study time-dependent loss functions for making 
a decision by using three-way decision-theory. 

The purpose of this paper is to further investigate time-dependent loss functions-based DTRS. Sec¬ 
tion 2 introduces the basic principles of DTRS. Section 3 calculates the values of thresholds when loss 
functions are satisfied time-dependent uniform distributions and normal processes. Section 4 is devoting 
to studying the relationship between the values of thresholds and loss functions which are time-dependent 
interval sets. Section 5 presents the relationship between the values of thresholds and loss functions which 
are time-dependent fuzzy numbers. The conclusion comes in Section 6. 

2 Current research on DTRS 

In this section, we review some concepts of decision-theoretic rough sets. 

Suppose S = ( U,A, V,f) is an information system, IX c U and 0 < /3 < a < 1, the ( a,/3)~ probabilis¬ 
tic lower and upper approximations of X are defined as follows: 

npr ( ^(X) = {xeU: P(X|M) > a}-ap? (afi) (X) = {x e U : P{X |[jc]) >/?}, 

where P(X|[;t] = ' s ^ 1C conditional probability of an object x belonging to X when the object is 

described by its equivalence class [x]. On the basis of (a, ft)— probabilistic lower and upper approximation 
operators, we have the (a, ft)- probabilistic positive, boundary and negative regions as follows: 

POS um {X) = apr ( ^ (X) = {x e U : P(X\\x\) > oj; 

BND (afi) (X) = apr {afj) {X) - apr^ p (X) = [x 6 U : ft < P(X|[x]) < a}\ 

NEG ia p } (X) = U - apr (aj8) (X) = {xeU: P(X|M) < P). 

In DTRS, rules from the positive region are used for making a decision of acceptance, rules from 
the negative region are used for making a decision of rejection, and rules from the boundary region are 
used for making a decision of deferment. In practical situations, it is hard to acquire the values of the 
parameters a and f3 since they are subjective. 

To determine the pair of thresholds objectively, Yao ll24l proposed decision-theoretic rough sets by 
combining bayesian decision theory with PRS. Concretely, decision-theoretic rough sets model contains 
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2 states (Q = {X, -X}) and 3 actions (.<// = {ap, ap, r/y}), where X and -X indicate that an object is in X 
and not in X, respectively, and up, ap and ay denote three actions in classifying an object x into POS (X), 
BND(X ) and NEG(X), respectively. In Table 1 , App, App and Anp denote losses of taking actions of cip, up 
and «,y, respectively, when an object belongs to X; A /yy, A /,>y and Ann denote losses of taking actions of 
ap, ap and «y, respectively, when an object belongs to -X. 


Table 1: Loss function. 


Action 

X(P) 

-X(X) 

Up 

App 

Apn 

ap 

dap 

Abn 

UN 

Anp 

Ann 


Suppose App < A bp < Anp and Ann ^ ^bn < A PN , since P(X\\x\) + P(-X|[x]) = 1, the bayesian 
decision procedure suggests the following minimum-cost decision rules: 

(P) : If P(X|[x]) > a, then x e POS(X); 

(fi) : IfyS < P(X|[x]) < a, then x e BND(X)\ 

0 N ) : If P(X|[x]) < [A, then x e NEG(X), where 


a = 


Apn - Apn 


-,fi = 


ABN - ^NN 


Apn - Apn + App - App Apn - Ann + ^np ~ A-bp 


In practice, loss functions are variations of the time, and it is of interest to study the relationship 
between the thresholds and time-dependent loss functions. 


3 Time-dependent uniform distributions and normal processes-based DTRS 


In this section, we investigate DTRS when loss functions arc satisfied time-dependent uniform distri¬ 
butions and normal processes. 

For a random variable X, there arc two common probability density functions 


fix) = 


if a < x <b\ 
0, otherwise. 


9 1 (J'-fJ) 2 

and f(x,n,cr) =- —e ^ , 

cryln 


Then X arc said to be satisfied uniform distribution on [a, b ] and normal process which is satisfied mathe¬ 
matical expectations p and variance cr 2 , respectively, denoted as X - U(a, b), and X ~ U(p, cr 2 ), where a, 
b, i-i and cr arc constants. In practice, the probability density functions arc varying with time, and there is 
a need to study DTRS when loss functions arc satisfied time-dependent probability density functions. 


3.1 Time-dependent uniform distributions-based DTRS 

In this subsection, we introduce the concept of time-dependent uniform distribution for DTRS. 
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Definition 3.1 Let Xf) be a variation of the time t, and the probability density function ofXf) is 


f{x,t) = [ S5FS5J’ if aU) ~ X ~ M) ' 

\ 0, otherwise. 

Then Xf) is said to be satisfied time-dependent uniform distribution on [af), bf)\ denoted as Xf) ~ 
U(a(t),b(t)). 

In what follows, we employ Table 2 to illustrate a time-dependent loss function, where Appf), A B pf), 
A N pit), A PN f), A BN f) and A NN (t) are varying with the time. In Table 2, A PP (t), A BP f) and A NP (t) denote 
losses of taking actions of a P ,a B and a,y, respectively, when an object belongs to X\ A P xit), dp.vtO and 
ANN(t ) denote losses of taking actions of a P , a B and ay, respectively, when an object belongs to -<X. 
Subsequently, we discuss DTRS when loss function is satisfied time-dependent uniform distributions. 


Table 2: Time-dependent loss function. 


Action 

XiP) 

->X(N) 

ap 

Appf) 

A PN f) 

a B 

Appit) 

A B N(t) 

on 

An pit) 

ANNf) 


Theorem 3.2 Let Appf) ~ U ( appf ), bppf)), Anp(t) ~ U(a B pf), b B pf)), Ann f) ~ U (ayy(f), &aw(*))> ANpf) 
~ U(a N p{t),b N p(t)),A BN (t) ~ U(a BN f),b BN f)) and A PN (t) ~ U(a PN f),bp N f)), where 0 < a PP f) < 
a B pf) < aNp{t), 0 < flyy(f) < a B Nf) < a P N(t), 0 < Z>pp(t) < b BP {t) < bNpf), 0 < bNNf) < bmf) < 
b P N(t) and t e T. Then we have the following rules: 

(1) IfP(X\\x\) > aft), then x e POSiXy, 

(2) If pit) < P(X\\x\) < aft), then x e BND(X); 

(3) If P(X\\x\) < fift), then x e NEG(X), where 

, , [apNf) + b PN {t)\ - [amf) + b BN ft )] 

ait) = -; 

\apN(t) + b PN {t)] - [amf) + b BN (t)] + \a BP (t) + b BP f )] - [a PP (t) + b PP f )] 

_ _ [flgivCO + b BN f)] - [fljvjv(0 + ^jyjvCQ] _ 

[a B Nf) + b B N(t)\ - [ojvjvW + bNNf)] + [«wp( 0 + b N p(t)] - [a B pf) + b BP f)] 

Proof. Since /lpp(?) ~ 17 ( a PP ft ), b PP ft)), A BP (t) ~ U (a B p{t), b BP f)), Ann(0 ~ U (ayy(f), b N Nf)), An pit) ~ 

UiaN P it), bNpit)), A B N(t) ~ U{a B N{t),b B N{t)) and ApNft) ~ U{apNf),bpNf)), where 0 < appf) < 
a B pf) < aNpf), 0 < un Nit) < amf) < apNft), 0 < b PP ft) < b BP f) < bNpft), 0 < bNNf) < bmf) < 
bpNfi) and t eT, we have 

appf) + bp P fi) a B pf) + b B pf) flyp(0 + bNpf) 

2 ~ 2 ~ 2 
amf) + b N Nf) aBNf) + b B Nf) apNf) + b PN f) 

2 2 ~ 2 
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By taking 


Ap P {t) 
Am(!) 


app(t ) + bpp(t ) ciNN{t) + bp/N^t) appit) + b BP (t) 

- 2 - ,ApN(t) = --- ,A BP (t) = ---, 

ciBN(t) + bm(t) a-Np(t ) + bupit) a PN (t ) + bpAr(?) 

- 2 - ,Anp{j) -- 2 - ,Ann{i) -- 2 -* 


we have the expected losses B(np|[x]), B(a B |[x]) and B(a;v|[x]) associated with taking the individual ac¬ 
tions for an object x and t e T as follows: 


R(a P \[x]) = A P p(t)P(X\[x]) + A PN (t)P(-<X\[x]y, 
tffatIM) = A BP (t)P(X\[x\) + T BW (t)P(-X|[x]); 
R(a N \[x]) = A NP (t)P(X\\x\) + d w (0P(-X|[x]). 


The bayesian decision procedure suggests the local minimum-cost decision rules: 

(P) : If /?(ap|[jc]) < B(a s |[x]) and B(a P |[x]) < B(«aH[x]), then x e POS(X)\ 

(B) : If B(n B |[x]) < B(fl P |[x]) and B(n B |[x]) < B(fl W |[x]), then x e BND(X)\ 

(AO : IfVAa.vHx]) < R(ap\\x\) and R(a N \\x\) < R(a H \\x\), then x e NEG(X). 

Since P(Aj[x]) + P(-Aj[x]) = 1, we have a(t) andyS(t) as follows: 

. , _ _ Ap^jt) - Am(t ) _ 

[dp;v(0 - A BN {t)] + [d B p(0 - dpp(t)] 

_ lapN(t) + b PN (t )] - [a B N(t) + b BN (t )] __ 

[apNit) + b PN {t)\ - [ a B N{t ) + b BN {t)\ + [ a BP {t ) + b BP {t)\ - [flpp(0 + b PP {t)\ 

_ _ A BN (t) - A NN (t ) _ 

\Am(t) - /Iaw( 0] + [/l^p(t) - d B p(0] 

_ jamit) + b BN (t )] - [a/vAf(0 + b NN (t)] _ 

+ b BN (t )] - [ ciNN(t ) + Aaw(01 + [<Bvp(0 + bp/p(t)] - [ a B p{t ) + b BP {t )] 

On the basis of a{t) and fSL), we simplify the rules as follows: 

(B) : If P(Z|[x]) > a(t ), then x e POS(X)\ 

(B) : If /?(r) < P{X |[x]) < ait), then x e BND(X)\ 

(AO : If P(X|[x]) < (3(t), then x e NEG{X). □ 

In the following, we employ an example to illustrate that how to compute a{t) and fi(t) by using a loss 
function. 


Example 3.3 Let App{t) = 0, / 1 otv (0 = 0, A B p{t ) ~ U (2 1 + 2,4? + 4), Ap/p(t) ~ U (3 1 + 6, 5? + 12), App/(t) ~ 
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U(2t + 14,4 1 + 20) and Appif) ~ Uf + 2, 3t + 10). Then we have 


App(t) 

ApNit) 

AbpU ) 
Abn(A) 
ANPit) 


Ann{i) = 0 , 

+ ^NnU ) 
2 

flpp(0 + bBp{t) 
2 

a BN(t) + 

2 

flA'pCO + ^/yp(0 
2 


2 1 + 14 + 4/^ + 20 


2r + 2 + At + 4 


= 3? + 17, 


— 3t + 3, 


t + 2 + 3? + 10 


— 2 ^ + 6 , 


3f + 6 + St +12 


= At + 9. 


Theorem 3.2, we have 
af) 

m 


_ ApN(t) - /lfijy(0 _ _ t + 11 

4pw(0 - A B n(0 + A B pf) - App{t) At + 14 

_ 4gw(0 ~ 4jyjy(/) __ 2? + 6 

4 ba 40 - A NN f) + An pit) - A B p(t) 3t + 12 


3.2 Normal processes-based DTRS 

In this subsection, we introduce the concept of normal processes for DTRS. 


Definition 3.4 Let X(t) be a variation of the time t, the probability density function ofX{t) is 

fix, pf), a 2 f)) = -— e~^T. 

erf) \2n 

Then Xf) is called a normal process which is satisfied mathematical expectations pit) and variance er 2 f), 
denoted'as Xf) ~ Uipit), er 2 f)). 

In m, Liu et al. discussed DTRS when loss functions are satisfied normal distributions, and there is 
a need to study DTRS when loss functions are satisfied normal processes. 

In what follows, we discuss DTRS when loss functions are satisfied normal processes. Suppose loss 
functions in decision-theoretic rough set theory are satisfied normal processes as follows: 

Appit) ~ Uipppit), er 2 pp f)), A BP f) ~ Uipspit), cr B pit)), A NP it) ~ Uip NP it), cr 2 NP it)), 

AnnU) ~ U iPNNit), cr 2 NN it)), ABjviO ~ U iPBNiO, cr 2 BN it)), A P N f) ~ U (pp^f), cr 2 PN it)). 

Suppose Ait) ~ Uipit), o- 2 it)), we have Pipit) - erf) < A(t) < pit) + erf)) ~ 0.6827, Pipf) - 2erf) < 
Ait) < pf) + 2erf)) ~ 0.9545 and Pipf) - 3 erf) < Af) < pf) + 3 erf)) ~ 0.9973. If we take three 
confidence intervals [pf ) - ncrf),pf) + ncrffifi = 1,2,3) instead of Af) for loss function and suppose 
pf)-nerf) > 0 for pf), then the expected losses R(flp|[x]), R(flp|[X]) and R(cpvllXI) associated with taking 
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the individual actions for an object x and t e T arc shown as follows: 


R(a P \[x\) = A PP (t)P(X\[x\) + A PN (t)P(^X\[x]); 

R(a B \[x\) = d B p(0P(X|[x]) + d BW (/)P(+r|[x]); 

R(a N \\x\) = A NP (t)P(X\\x\) + A^(0P(-X|W). 

The bayesian decision procedure suggests the local minimum-cost decision rules: 

(P) : If B(n P |[x]) < /?(n B |[x]) and B(n P |[x]) < BMx]), then x e POS(X)-, 

(B) : If B(n B |[x]) < B(fl P |[x]) and B(n B |[x]) < B(fl W |[x]), then x e BND(X)\ 

(AO : If B(ajv|[x]) < R(a P \\x\) and R(a N \\x\) < R(a B \\x\), then x e NEG(X). 

Since B(Aj[x]) + B(-iAj[x]) = 1, we take the values of a(t) and J3(t) as follows: 

,, ApN(t ) - Abn(A ) , ApN(t) - AnnV ) 

a(t) = - .Pit) =-. 

ApNit ) - A B N(t) + A B p{t ) - Ap P (t) A BN {t) - Ann(0 + Anp(0 - A BP (t) 

Concretely, on the basis of a mm (t), a max (t),j3 mm (t) and P" wx it), we have the following results: 
ait) 6 [max{a min (t), 0},min{a max (t), !}],/?(?) € [max{/3' nin {t),O},min{0 nax (t), 1}], 


where 


a mm (t) 


a max (t ) 


p min it) 


p max it) 


_ [ HPNit ) - ncrp N {t)\ - [/J BN {t) + ncr BN (t)\ _ 

IppNit) + ncrp N (t)] - {jJ BN {t) - ncr BN (t )] + {jx BP {t) + ncr B p{t)] - [p.p P {t ) - no- PP {t)] ’ 

_ IppNit) + ncrp N {t )] - \Mmjt) - ncr BN jt )] _ 

IppNit) - ncrp N {t )] - [jumit) + ncr BN (t )] + {ju BP {t ) - ncr B p{t)] - [p.p P {t ) + no- PP {t)] ’ 

_ \PBNjt) - no- BN jt )] - \MNNjt) + na- NN jt )] _ 

lPBN(t) + ncr BN {t )] - {ju NN {t ) - ncr NN it )] + [jUNPit) + ncr N p(t )] - [p BB (0 - «cr BB (0] ’ 

_ \PBNjt) + no- g jv(0] ~ [PNNjt ) - «crjvjv(0] _ 

Ib B w( 0 - «cr B iv(0] - lPNN(t ) + «cr ww (0] + [/UatpCO - «o"/vp(0] - bu BB (0 + no- B p(t )]' 


By using the thresholds o4 t) and pit), we simplify the rules as follows: 

(P) : If B(X|[x]) > ait), then x e POS(X)-, 

iB) : If p[t) < PiX |[x]) < ait), then x e BND{X)\ 

(N) : If B(X|[x]) < pit), then x € NEGiX). 


Example 3.5 Let A PP {t) ~ Ui^,‘^p±), A BP it) ~ U(%£, 






An 2 
£+4t?+4 
An 2 


t 2 +An+ A 

An 2 


), An pit) 


TTtlt+14 d+4»+4\ ) /a 
U \ 7 > 4^2 1) Ann a ) 


) and ApN{t) ~ U{ 


7f+18 r+4»+4 
’ 4;i 2 


). Then we have 


mm [ a 

a it) = 


4r+ 12 


(0 = 


1 


4t+ 10 


, a max it) = 


2t + 1 


4 


-,pT ax {i) = 


2t + 5 


1 


Consequently, we compute the thresholds a(t) and /3(t) when loss functions are two special cases as 
follows. 



(1) Considering A ] pp (t) = /J PP (t) - ncr PP (t), A l Bp (t ) = p BP {t ) - ncr BP (t), A l Np {t) = p NP {t) - ncr NP (t), 
A nn^ = f*NN(t) - ncr NN (t), A l BN (t ) = /r B /v(0 - ncr BN (t) and A' pN (t) = - ncr PN (t), then we have 


a\t) = 
P\t) = 


_ lMPN(t) - ncr PN (t)] - t/igjy(r) - ncr BN (t)] __ 

I HPN(t) ~ ncr PN (t )] - [j u BN (t) - ncr BN (t )] + [p BP (t) - ncr BP (t )] - [p PP (t ) - «<xpp(0] ’ 

_ lMBN(t) - n<Tfi/v(0] - \p NN (t ) - ncr NN (t)] _ 

lPBN(t) - ncr BN (t )] - [p NN {t) - ncr NN (t )] + [ju NP (t ) - Hoyvp(0] - [yUpp(0 - ncr BP {t )]' 


(2) Considering = /rpp(0 + ncr PP (t), A 2 p (t ) = jUpp(0 + ncr BP (t), A 2 NP (t ) = jU W p(0 + ncr NP (t), 

Aijt) = Hm(t) + no- NN (t), A 2 (t) = p BN (t) + ncr BN (t), A 2 (t ) = p PN (t) + ncr PN (t), then we have 


a-(i) = 


/no = 


_ bup/v(0 + no- PN (t)\ - [p BN (t) + »o~pw(Q] _. 

[p.p N (t) + ncr p pj(ty\ - [p BN (t) + no'BwCO] + [/Upp(0 + «crpp(0] - [Fpp(0 + ncr PP (t)\ ’ 

_ l/Fw(0 + »o~fi/v(0] ~ [/Uwv(0 + ncr NN (t)] _ 

I/*BAr(0 + WO'BA'CO] - lMNN(t) + «<Xaw(0] + lRNp(t) + ncr NP (t )] - [p BP (t) + ncr BP {t )]' 


On the basis of the above results, we have that a l {t),a 2 {t) e [max{a min (t), 0},min{a max (t), 1)] and 

f3 l (t),/3 2 (t) € [max{J3' nin (t),0},min{J3 max (t),l}l 

4 Time-dependent interval sets-based DTRS 

In this section, we discuss DTRS when loss functions are time-dependent interval sets. Firstly, we 
present the concept of time-dependent interval sets for DTRS. 

Definition 4.1 Let A(t) — [a(t),b(t)], where aft) and b(t) are variations of the time t, then A(t) is called a 
time-dependent interval set. 



In Table 3, A PP (t), A BP (t), AN P (t), A PP i{t), A B ^{t) and Ty/vt t) are time-dependent interval sets. Below, 
we discuss DTRS when loss functions arc the lower and upper bounds of time-dependent interval sets. 

On one hand, A pp (t), A' Bp (t), Af l p (t), A' p ‘f(t), A B l f(t) and A n f"f(t) denote the lower bounds of time- 
dependent interval sets in Table 3. The expected losses R op, (a P \\x\), R opt (a B |[x]) and R" pI (a^\\x\) as- 
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sociated with taking the individual actions for an object x and t e T are shown as follows: 


R opt (a P \[x\) = A'™(t)P(X |[x]) + A'™(t)P(^X |[x]); 
R opt (a B |[x]) = A'™(t)P(X |[x]) + A^(/)P(-X|W); 
R opt (a N \[x ]) = A$J(0P(X|[jc]) + X™{t)P^X |[x]). 


The bayesian decision procedure suggests the local minimum-cost decision rules: 

(P) : If R°P\a P \[x\) < R opt (a B |[x]) and P op '(a B |[xI) < B op '(a/v|[x]), then x e POS(X ); 

(B) : If P°^(a B |[x]) < P°^(a P IM) and P°^(a B |[x]) < R opt (a N \\x\y then x € BND(X): 

(N) : If R opt (a N \[x\) < R opt (a P |[x]) and R opt (a N \\x\) < R opt (a B |[x]), then x e NEG(X). 

Suppose 0 < A’™ it) < A'™(t) < A'™{t) and 0 < A™(t) < A'™(t) < A'™(t) for t e T. Since 
P(X |[x]) + P(-W|[x]) = 1, we simplify the rules as follows: 

(P) : If P(X|[x]) > a opt (t), then x e POS(Z); 

(B) : If p opt {t) < P(X\\x\) < a op \t ), then x e BND(X)\ 

(AO : If P(Aj[x]) < J3 opt (t), then x £ NEG(X), where 


a 


,p \t) = 


)min/+\ -imins+x 

Ap]j\t) A^yt) 


it) - A>™(t) + A'^(t) - A'pp(t) 


, 18 op \t) = 


*BNW) ^NNv) 


L PN^ 


imins+\ )mins+\ , 

A BN it) ~ A NN (t) + A Np (t) - A Bp (t) 


Example 4.2 Let A PP {t) = [t,2t + 2 ],/lp/v(f) = [4t + 8,4t + 10],/l BB (f) = [2? + 3,2t + 5],/l BB r(0 = 
[3? + 2,3? + 6], An pit) = [3? + 6,3t + 8] and Ann (0 = 12r, 2 1 + 2]. Then we have 


a op \t) 


P° pt {t) 


A'^it) - A'™(t) _ t + 6 

A m ^(t) - A'™(t) + A™(t) - A™(t) ~2t + 9 : 

A%%(t) ~ A’™(t) _ t + 2 

A^(t) - A™it) + 4™«(f) - A”p(t) ~ 2t + 5 ■ 


On the other hand, A" pp (t), A’ pp (t), A'f“ p (t), A' p ff(t), A' p ffU) and A'” a ^(t) are upper bounds of time- 
dependent interval sets in Table 3. We have the expected losses R pes (a P \[x\), P pei (a B |[x]) and R pes {aN\\_x\) 
associated with taking the individual actions for an object x and t e T as follows: 


R pes (a P \[x]) = App X (t)P(X\\x\) + A'^(t)P(^X\\x\)- 
R pe \a B |[x]) = AZ x (t)P(X\\x\) + AZ x (t)P(^X\[x\y, 
R pes (a N |[x]) = A'™ l P (t)P(X\\x\) + A™ x (t)P(^X |[x]). 


The bayesian decision procedure suggests the local minimum-cost decision rules: 

(P0 : If R pes {a P \[x\) < R pes (a B |[x]) and R pe \a P |[x]) < R pes (a N \[x\), then x e POS(X): 
(BO : If R pe \a B \[x]) < R pes (a P |[x]) and R pes (a B \[x]) < R pes (a N |[x]), then x e BND(X ); 
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(AO : If R pes (a N \[x]) < R pes {a P |[jc]) and R pes (a N |[jc]) < R pe \a B |[jc]), then x € NEG(X). 

Suppose 0 < 400 < 40(0 < 40(0 and 0 < A™j*(t) < A™ x (t) < A’™ x {t) for ? e T. Since 
P(Aj[x]) + P(^X\\x\) ~ I, we simplify the rules as follows: 

(P') : If P(X|[x]) > aP es (t), then x e POS(X)\ 

(S') : If j3 pes (t) < P(X |[x]) < a pes (t), then x e BND(X): 

(O') : If P(X |[x]) < fi pes (t), then x € NEG{X ), where 

imax/+\ ^max/^ imax/+\ imax/^ 

a pes (t) = _ ApN r -M r _ B pes (t) =_ Abn r A/vn * _ 

40(0 - 40(0 + 40(0 - 40(0 ,p 40(0 - 40(0 + 40(0 - 40(0' 


Example 4.3 Let dpp(f) = [7,2? + 2],/lp/v(?) = [4? + 8,4? + 10],/lpp(?) = [2? + 3,2? + 5], 4^(0 = 
[3? + 2,3? + 6], Ajvp(t) - [3? + 6,3? + 8] and Ann(0 - [2?, 2? + 2]. 77ic« we have 


a pe \t) 


P pes (t) 


40(0-40(0 _? + 4. 

40(0 - 40(0 + 40(0 - 40(0 “ ? + 7 ; 

40(0-40(0 ? + 4 

40(0 - 40(0 + 40(0 - 40(0 2 ? + 7 ■ 


In general, by taking 4p(0 e 4pp(?), A* Bp (t) e A BP (t), A* Np (t) e Au P {t), A* pN (t) e A PN {t), A* BN (t) e 
/lp/v(?) and 4 (?) e A^nU), we have the expected losses P(«p|[x]), P(ap|[x]) and A’fr/.vlIx|) associated 
with taking the individual actions for an object x and ? e P as follows: 


*(flp|[x]) = 4 p( 0 Wf|[x|) + 4 W (?)P(-X|[x]); 
/?(fl B |[x]) = 4p(?)P(X|[x]) + 4 W (?)P(-X|[x]); 
/?(«A?l[x]) = r NP (t)P(X\\x\) + A* NN (t)P(^X\\x\). 


The bayesian decision procedure suggests the local minimum-cost decision rules: 

(P") : If P(np|[x]) < P(«p|[x]) and P(np|[x]) < R(a N \[x]), then x e POS(X ); 

{B") : If P(n B |[x]) < R(a P |[x]) and P(n B |[x]) < P(fl W |[x]), then x e BND(X)\ 

(TV") : If P(<pv|[x]) < P(«p|[x]) and P(<pv|[x]) < P(n B |[x]), then x e NEG(X). 

Suppose 0 < A* pp {t) < A* Bp {t) < A* Np (t) and 0 < A* NN (t) < A* BN (t) < A* pN (t) for ? e T. Since 
P(Aj[x]) + P(-iX|[x]) = 1, we simplify the rules as follows: 

(P") : If P(X|[x]) > a(t), then x e POS(X ); 

(fi") : If yS(?) < P(Z|[x]) < a(t), then x e BND(X ); 

(TV") : If P(X|[x]) < p(t). then x e NEG(X), where 

__ A pN (t) - A BN (t) _ __ 400 ~ 4a?(Q _ 

“ ~ 400 - A* BN (t ) + 4 P (?) - A* pp (i) ,m ~ A* BN (t ) - A* NN (t) + 40?) - ^pp(0' 
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Theorem 4.4 Let 0 < X™(t) < < T'™ x (?) < A'™ it) < A™ x (t) and 0 < T™"(?) < 

A™ x (t) < A$(t) < A™ x it) < A™(t) < A™ x (t), where t € T. Then 


( 1 ) 

( 2 ) 


] min 11 \ unax tt \ \maxt f \ 1 mini t \ 

Ap N \t) A m (; t) A pN (t) A BN (t) 

a(t) e L-:-:- ,mm {—:-, 1}]; 

A PN it) ~ A BN ( t) + A Bp (?) - A pp (?) A pN (?) - A bn (?) + A Bp (?) - A pp (?) 

imins+\ )maxs+\ imaxL f \ imins+\ 

o/+\ s- r “NNW • r A BN ^ A NN^ 11n 

p(0 € [-:-:- 9 min{ -:-:-, 1}]. 

7 i max(f\ imins+\ , i max(+\ imins+\ imins+\ imaxs+\ , imins+\ -\maxs+\ 

A bn it) ~ Ann") + a np {t > ~ a bp {r > a bn (1 > ~ a nn {t > + a np {1 > ~ a bp {t > 


Proof. (1) Since 0 < X™(t) < A'^At) < A””(t) < A‘ 
A’ffiif) < A m B a N x it) < A™{t) < A™ x {t), we have 


q i p x (t) < A^(t) < A™ x {t) and 0 < d™«(?) < A‘ 


l max (t) < 


A* PN it) ~ A* BN (t) > 0, A* BP (t) - A* pp {t) > 0 
XpnV) ~ < A* PN (t) - A* BN (t) < A 1 

Abp it) ~ Ap P x (t) < A* BP (t) - A* PP (t ) < A% x (t) - A™(t). 


PN i { ) 


■ 4™(?), 


It implies that 


A'^it) - r B a N x it) + AZ'(t) - A pp x (t) < A* PN (t) - A* m {t) + A* BP (t) - A*pp(t ) 


It follows that 


A m r7t) ~ AZ x (t) 


imax 
A PN 


it) 


■ + A bpW ~ A 'ppW 


Obviously, we have 


^ i max , 

< a pn i 


riv x ' Diy x Dr ' ' 

i max(+\ imin/+\ , i max/.\ 
l PN it> - 'WW + A BP it) - 


ATpit). 


A *P N it) - A *BNi f ) 


A PN it) - A* R Jt) + A* RP (t) - A* pp (t) 


BN 


BP V 


L PP V 


}maxLi-\ 


i mins f \ 

APNW) 


imaxs+\ , imm/+\ ]maxs+\ 

A BN i f ) + A Rpit) - App it) 


ait), 


i/nino\ 


'■BN 


it) 


]maxs+\ imins+\ 
APN 


BN v 


imax/+\ imins+\ . i maxs+\ ^min/+\ imin/+\ 

A PN i f ) - + A Rp it) - App it) A PN {t) 


BN y 


l BP 


PP 


L PN y 


BN 


it) + A™(t) - xV'ppit) 


€ [ 0 , 1 ]. 


Therefore, 


imins+\ imaxs+\ imax/pi i min(+\ 

ait) € [- PN . {) Bn) - —,min{— -- — --, 1}]. 

i max(i\ imins+\ , i maxs+\ imins+\ imins+\ , i/nm/A 

d pA , (?) - A RN (t) + A Bp (?) - /tp p (?) Ap N (t) - A bn it) + A bp it) - App it) 

^ i min/+\ ^ i max/+\ _i n ^ i min/+\ ^ m, 


(2) Since 0 < d"™(?) < d"^(?) < T™(?) 
d™"(?) < d^(?) < A™ii) < A™ x it), we have 


✓ imax 

£ a bp 


■it) < A™‘p(t) < A™ x it) and 0 < T™«(?) < T^(?) < 


An pit) Appit) > 0, A BN it) A NN it)>0, 

ATpit) - ATpit) < A* NP it) ~ Appit) < A’T x it) - Ap'pit), 

A B n it) ~ A N a N X it) < A * BN it) ~ A *N N iO < a bn i0 ~ TTO- 
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It implies that 


AZf(t) - AT P x (t) + ASS(t) - A™ x (t) < A* (?) - A*(t) + A*(t) - A* (?) 


It follows that 


imin/+\ ]maxs+\ 

_ ABN W *NnV' 

imax(f\ . imaxs+\ 

A bn W - A NN (t) + A np (?) 


AZ l (t) 


Obviously, we have 


^ }maxs+\ y min/+\ , i max/+\ imin/+\ 

< A Np W “ A Rp (t) + A bn (t) - A NN (t). 


_ A BN A NN^ _ 

A * BN (t) ~ A.* m (t) + A* Np (t) - A* Bp (t) 

a 7nW- a nnW 

A'Z(t) - A Zv(0 + A 'Z» - A 7p(t )' 


Therefore, 


imiriSf\ imaxs+\ 
_ A BN (t) A NN \t) 

^ imax/+\ imm/A , imaxs+\ 

A bn (A) - A NN (t) + A np (?) 


imaxs+\ ifflino) 

_ _ ABN V) _ 

imm/A ’ i mins+\ imaxs+\ , imin/+\ i maxs+\ 
- A bp (?) A RN (t) - A nn (?) + A Np (t) - A„ p (?) 


e [0,1], 


imaxs+\ 

OL f \ € r_ / W(0 

^ ' L -\max(+\ imins+\ , imaxf+\ 

A bn (t) - A NN (t) + A Np (?) - 


imaxs+\ imins+\ 

-:-, min{ —:-- .in.,, 

i miti{'+\ imaxs+\ , immo\ i max(+\ 

A Bp (t) A BN (t) - A NN (t) + A Np (t ) - /t gp (?) 


5 Time-dependent fuzzy numbers-based DTRS 

In this section, we investigate DTRS when loss functions arc time-dependent fuzzy numbers. We 
introduce the concepts of time-dependent fuzzy numbers and cut sets for DTRS. 


Definition 5.1 Let p^ (J} be a mapping from U to [0,1] such as p^ U] : U —* [0,1] : x —> BXtty vvAiere 
t £ T, p^ (Jj is the membership function of A(t), p^ (tj (x) is the membership degree of x to Aft), denoted as 
Aft) = {(x, PX( t )(x))\x € U}, then Aft) is called a time-dependent fuzzy number. 

Example 5.2 Let Aft) be a time-dependent fuzzy number, where Aft) = ALL + 2l±I + /+2 + -d£±l + 

— ~/2 1_ 27 l ~~ *“37+1 

—i- -r*~j —I- y V + y 1 + 2 * + Z + ~(~ 1 . By Definition 5.1, we have that pj ( ,ft + 1) = 1 - and 

1~277T 1- 3hT 1- 3?+T l - 2?+T 1- 3p+I ' ’ 1 

+ 1 ) - 1 - — v 

Definition 5.3 Let Aft) e F(X), drift) e [0,1], where t e T, then 

(1) A n (t) = {x\x e - *7(0} ‘ s referred to as a rjft)-cut set of Aft); 

(2) A^>(?) = {.r|x e U,p^ t) > p(t)} is referred to as a strong rj(t)-cut set of Aft). 

Example 5.4 Let Aft) be a time-dependent fuzzy number, where Aft) = A±\ + L±A. + 2±i + + p-t-i + 

_ 1 7 1 2? 1 t 1 2? 1 2f+l 

ALL. + lL±I + 2f +1 + 4,+2 f~ l . By Definition 5.3, we have that A ,_i (?) = {2?+1,4?+1,4?-1,2?- 1,2? 2 + 1} 

1_ S _ 1_ 7 ‘-37+T 1 — 7 21 

and A n __!_.>(?) = {2? - 1,2? 2 + 1}. 

^ It' 
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In what follows, we employ Table 4 to illustrate loss functions which arc time-dependent fuzzy num¬ 
bers. 


Table 4: Time-dependent fuzzy loss function. 


Action 

X(P) 

->X(N) 

Up 

APppit ) = [PP p (t), PPjj(t)] 

AP PN (t) = [BiV^(0,B<(0] 

a B 

AP BP (t ) = [ BP p (t), BP lp (t)\ 

^/w(0 - 1 BN p (t), BN ,p (t)\ 

on 

A p N p{t) = [NP p {t),NPy{t)\ 

Admit) = \NN p (t),NNf(t)\ 


In Table 4, 4'? pp(t), A p B p(t), A’>np( 0, A’lpN(t), A p BB /(t) and A^mit) are time-dependent fuzzy numbers. 
Below, we discuss DTRS when loss functions arc the lower and upper bounds of time-dependent fuzzy 
numbers. 

On one hand, PP p {t), BP p {t), NP^if), PN^(t), BN p (t) and NN p {t) denote the lower bounds of time- 
dependent fuzzy numbers in Table 4. We have the expected losses R op \ap\[x\), R opt (a B \[x\) and R opl (a^\\x\) 
associated with taking the individual actions for an object x and t e T as follows: 

R opt (a P \[x\) = PP^t)P(X\[x]) + PN^t)P^X\[x])-, 

R opt (a B IM) = BP$(t)P(X |[x]) + BNj;(t)P(-nX\[x]y, 

R op \a N |[x]) = NP^(t)P(X\[x\) + Nrf(t)P(^X\[x\). 

The bayesian decision procedure suggests the local minimum-cost decision rules: 

(P) : If R°P\a P \[x\) < R opt (a B \[x\ ) and R°P l (a P \[x\) < R°P\a N |[x]), then x e POS(X): 

(B) : If R opt (a B \[x\) < R opt (a P |[x]) and R opt (a B |[x]) < R opt (a N |[x]), then x e BND(X)\ 

(N) : If R°P\a N \[x]) < R°P\a P |[x]) and R°P\a N \[x\) < R opt (a B |[x]), then x e NEG(X). 

Suppose 0 < PP'fl) < BP 1 ft) < NP'ft) and 0 < NN p (t) < BN'ft) < PN p (t) for t e T. Since 
P(X |[x]) + P(-W|[x]) = 1, we simplify the rules as follows: 

(P) : If P(X|[x]) > a opt (t), then x e POS{Xf 

(B) : If f3°P\t) < P(X\\x\) < a op \i), then x e BND(X)\ 

(AO : If P(X\\x\) < 13P p \t ), then x £ NEG(X), where 

PN p (t) - BN p (t) BN p (t) - NN l :(t) 

a°p\t) = _ 2 _ : _ B° pt (t) =_ 2 __ :L_ _ 

PN p (t) - BN p (t) + BP p (t) - PP p {t) ’^ BN p (t) - NN p (t) + NPft) - BP L ft )' 


Example 5.5 Let \pp(t), \ B p(t), A^p(t), A^^At), A BB /(t) and Ap^(t) be shown as follows: 


App(t ) = 


A B p{t) = 


t + 1 


1 


+ 


2t + 2 3? + 3 5? + 3 4 m- 6 At + 8 At + 9 At -t- 10 

+ -r- H- t H-- + -- H-r- + -- + - 


1 l_i l_i 1_I 1_1 1_1 1_1 1_I 1_I’ 

3t 3f 3r t 2t 2t 1 2t 1 t 1 r 

2t + 3 2t + 4 2? + 5 3t + 6 3t + 7 4t + 6 4t + 8 4t + 9 4t -f- 10 

H-7- + -- H-- -I-- + -- H-7- + -- H- 


1 


3 1 


1 


3 1 


1 


3 1 


1 


1 


2t 


1 


2r 


1 


21 


1 


1 
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'W(l) 
4mv(0 
AbnH ) 
ApN(t) 


3t + 6 3l + 7 3? + 8 4l + 9 5l + 9 At + 10 4? + 11 4? + 12 51 + 10 

H-- + -- + -- H-- + -— H-— H-— H-—, 


3/ 


3t 


3/ 


2t 


2? 


2? 


1 


1 


21 2/ + ! 2? + 2 3? + 3 5l + 3 4l + 6 4l + 8 4? + 9 4? + 10 

H-- +-- +-- H-- +-r- H-r- +-7- + - 


1 i_± i__L i_i i_i i_l i_± 1_1 i_i’ 

3/ 1 3( 1 3/ 1 t 1 2t 1 2; 1 2t 1 t 1 t 

3t + 2 3t + A 3t + 6 4? + 6 5l + 6 4? + 7 4? + 8 4? + 9 4? + 10 

H-7- + -7- + -7- + 7- + -7- H-7- + -7- + - 


1 1_! 1_! 1_! 1_± 1_± 1_± 1 _1 i_i’ 

3f 3t 3t t 2t 2t 2t t t 

At + 8 4l + 9 At + 10 41+11 41 + 12 41+ 13 51+ 11 41+ 15 51+ 10 

H-7- + -r- + -r- + -r- H-r- H-:-1-:-1-—. 


1 


3/ 


1 


3t 


1 


3t 


1 


1 


2; 


1 


2 1 


1 


2r 


1 


1 


By taking rj = 1 - jj, we have 

A 1 ! p pit) — [1,2l + 2], A’ipN(t) = [4l + 8,4l + 10], A^ BP it) — [2l + 3,2l + 5], 
4 r ' ba?(i) = [3l + 2,3l + 6], AP Np{t) — [3l + 6,3l + 8], AP mv( 1) — [2l, 2l + 2]. 


Consequently, we have 


a op \t) 


p opt it) 


A™(t) - A'™(t) 1 + 6 

A p>) ~ A'™(t) + A'”‘p(t) - A'p'pit) “ 21 + 9 ' 
A?$(t) ~ A’™(t) _ i + 2 

A™(t) - A™(t) + A'™pit) - A’™it) “ 21 + 5 ■ 


On the other hand, PP p (t), BP p (t), NP p (t), PN p (t). BN p (t) and NN P (t) denote the upper bounds of 
time-dependent fuzzy numbers in Table 4. We show the expected losses R pes {a P \[x\), R pes {a B \[x\) and 
R pes ia^\\x\) associated with taking the individual actions for an object x and t e T as follows: 


R pes (a P \[x]) 

R pes (a B IM) 

R pes (a N |[x]) 


PPfaPiX |[x]) + PN!;it)P(^X\\x\y, 
BPfoPiX |[x]) + B/V^(l)B(-W|[x|); 
lVPj(l)P(X|[x]) + AW£(l)P(-X|[x]). 


The bayesian decision procedure suggests the local minimum-cost decision rules: 
iP') : If R pes ia P \[x]) < R pes ia B \[x\),R pes (a P \[x]) < R pes {a N |[x]), then x € POSiXy 
iB') : If R pes ia B \[x]) < R pes ia P \[x\),R pes ia B \[x\) < R pes (a N \\x\), then x e BNIXXy 
iN') : If R pes ia N \[x]) < R pes {a P \[x\),R pes {a N \[x\) < R pes ia B |[x]), then x e NEGiX). 

Suppose 0 < PP',;(t) < BP p (t) < NP p (t) and 0 < NN%(t) < BN}}(t) < PN p (t) for 1 e T. Since 
PiX |[x]) + P(-W|[x]) = 1, we simplify the rules as follows: 
iP') : If P(X\\x\) > a pes it), then x e POSiXy 
iB') : If /3 pes it) < B(X|[x]) < a pes {t), then x e BNDiX)\ 
iN') : If P(X\\x\) < p pes it), then x e NEGiX), where 

PN^it) - BNjfit) BN}!it) - NN^(t) 

a pes {t) = ---- V T . - -~.fr At) =---V- ^ -JJ—. 

PN^it) - BN%it) + BP^it) - PP',(t) BN”it) - NN (t) + NP^t) - BP it) 
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Example 5.6 (Continuation of Example 5.5) On the basis of App(t), App{t), A^pf), A^it), Abn( 1) and 
ApnH) in Example 5.5, by taking i) - 1 - A., we have 


a pes (t) 


P pes it) 


4'“(0-47w t + 4 

Apf x (t) - A^ftO + Afftit) ~ App X (t) ~t + T 
AZ X (t)-A^(t) t + 4 

AZ x (t) ~ AfffU) + AZ P x (t) ~ A'Zft) 2t + r 


In general, by taking PP n (t) e A r i PP it), BP ft) e A ri HP (t), NPft) e A r i NP (t), PNft ) e A p PN it), BN ft) e 
AA bn it) an d NNft) e A'f^At), we show the expected losses Ria P \\x\), Ria p \\x\) and RIun\\x\) associated 
with taking the individual actions for an object x and t e T as follows: 


R(a P \[x\) = PPft)PiX\\x\) + PNft)P^X\\x\y, 
R(a B M) = BPft)P(X\[x ]) + BNft)P(^X\\x\)- 
R(a N \[x]) = NPft)P(X\[x]) + NNft)P(^X\[x\). 


The bayesian decision procedure suggests the local minimum-cost decision rules: 

0 P ") : If R(flp|[x]) < R(flp|[x]),,R(ap|[x]) < /?(a*|[jc]), then x e POS{X)\ 

(B") : If i?(n B |[x]) < R(flp|[x]),R(a s |[x]) < R(a N \\x\), then x e BND{X)\ 

IN") : If/?(a w |[x]) < /?(a P |[x]),/?(a]v|[x]) < R(flp|[x]), then x e NEG{X). 

Suppose 0 < PPft) < BP ft) < NPft) and 0 < NNft) < BN ft) < PNft) for t e T. Since 
P(X |[x]) + P(-iX|[x]) = 1, we simplify the rules as follows: 

(/"') : If P{X\[x]) > a(t), then x e POS(X): 

(. B") : If p{t) < P{X |[x]) < ait), then x e BND{X)\ 
iN") : If P(X|[x]) < pit), then x e NEGfX), where 

PNft)-BNft) BN ft) - NNft) 

PNft) - BN ft) + BP ft) - PPft)’ m BN ft) - NNft) + NPft) - BP ft) ‘ 

On the basis of the above results, we have the following theorem for DTRS when loss functions are 
time-dependent fuzzy numbers. 


Theorem 5.7 Let 0 < PPft) < PPftt) < BP ft) < BPftt) < NP'ft) < NPftt) and 0 < NNft) < 
NNftt) < BN ft) < BNl!it) < PNft) < PNftt), where t e T. Then 


PNft) - BNftt) PNftt) - BN ft) 

( 1 ) aft) e 1 - - -—- i —, min{ 7 - 77 - 7 - 77 —, 1 }]; 

PNftt) - BN ft) + BPfft) - PPft) PNft) - BNftt) + BP ft) - PPftt) 

BN ft) - NNftt) BNfit) - NNft) 

( 2 ) Pit) e [ T -- 77 - 1 —,min{ - 7 --, 1!]. 

BNftt) - NNft) + NPftt) - BP ft) BN ft) - NNftt) + NPft) - BPftt) 
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Proof. (1) Since 0 < PPft) < PPft) < BPft) < BP ft) < NPft) < NPft) and 0 < NNft) < 
NNftt) < BNft) < BNftt) < PNft) < PNftt), we have 


PN.it) - BN.it) > 0, BP.it) - PP n (t) > 0. 

It implies that 

PNft) - BN%(t) < PN r ,(t) - BN v (t) < PN%(t) - BN ft), 

BP ft) - PPftt) < BP.it ) - PP.it) < BP ft) - PPft). 

It follows that 

PNft) - BN ft) + BP ft) - PPft) < PN.it) - BN.it) + BP.it) - PP.it) 

< PNft) - BN ft) + BP U . it) - PPft). 

Obviously, we have 

_ PNft) - BN ft) _ _ PN.jt) - BN.jt) _ 

PNft) - BN ft) + BP ft) - PPft) ~ PN.it) - BN.it) + BP.it) - PP.it) 

PNft) - BN ft) 

~ PNft) - BN ft) + BP ft) - PPft) ‘ 

Therefore, 

PNft) - BN ft) PNft) - BN ft) 

ait) e [- - - - - - --— ,min{ - - - - - - - - —, 1}]. 

PNft) - BN ft) + BP ft) - PPft) PNft) - BN ft) + BP ft) - PPft) 

(2) Since 0 < PPft) < PPft) < BP ft) < BPft) < NPft) < NPft) and 0 < NNft) < NNftt) < 
BN ft) < BNftt) < PNft) < PNftt), we have 

BN.it) - NN.it) > 0. NP.it) - BP.it) > 0. 

It implies that 

BN ft) - NNft) < BN.it) - NN.it) < BN ft) - NNft), 

NPft) - BPVit) < NP.it) - BP.it) < NP U . it) - BPft). 

It follows that 

BN ft) - NNftt) + NPft) - BP U . it) < BN.it) - NN.it) + NP.it) - BP.it) 

< BN ft) - NNft) + NP^ it) - BPft). 
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Obviously, we have 


_ BNfo) - NN^jt) _ _ BN^t) - NN,,{t) _ 

BNjf(t) - NN^{t) + NP}j{t) - BPftt) ~ BN r ,(t) - NN„(t) + NP,(t) - BP r ,(t) 

BN^(t) - NN^t) 

~ BNijit) - NN%(t) + NPftt) - BP%(t )' 

Therefore, 

BNfa) - NN%{t) BN%(t) - NN^t) 

AO e [- 77 - -j - -77 - - f — ,min{ ---77- 1 - t —, 1 }]-□ 

BN%(t) - NNftt) + NP%(t) - BP ! t1 (t) BN^{t) - NN%(t) + NP‘ n (t) - BP^t) 

6 Conclusions 

Many researchers have focused on investigations of loss functions in DTRS. In this paper, we have 
investigated DTRS when loss functions arc satisfied time-dependent uniform distributions and normal pro¬ 
cesses. Furthermore, we have studied DTRS when loss functions arc time-dependent interval sets. Con¬ 
sequently, we have investigated DTRS when loss functions arc time-dependent fuzzy numbers. Finally, 
we have employed several examples to illustrate that how to make decisions by using time-dependent loss 
functions-based DTRS. 

There arc still many interesting topics deserving further investigations on DTRS. For example, there 
arc many types of loss functions which arc satisfied stochastic processes, and it is of interest to investigate 
time-dependent loss functions-based DTRS. In the future, we will further investigate time-dependent loss 
functions and discuss the application of DTRS in knowledge discovery. 
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